Finding Optimal Triangulations Parameterized by
Edge Clique Cover

Tuukka Korhonen

Department of Computer Science, University of Helsinki, Finland

IPEC 2020
Online
December 15, 2020

Tuukka Korhonen (U. Helsinki) Opt. Triangulations Parameterized by ECC Dec 15. 1/19



In this work

1. We argue that edge clique cover is well-motivated parameter for
optimal triangulation (chordal completion) problems

» e.g. treewidth and minimum fill-in

2. We use potential maximal cliques (PMCs) to give single
exponential FPT algorithms parameterized by edge clique cover
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Optimal Triangulation Problems

@ Given a graph, add edges to obtain a chordal 9 e
graph minimizing some cost function @

Graph G

Triangulation of G
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Optimal Triangulation Problems

@ Given a graph, add edges to obtain a chordal 9 e
graph minimizing some cost function @

@ Treewidth
» Minimize the size of maximum clique Graph G

Triangulation of G
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Optimal Triangulation Problems

@ Given a graph, add edges to obtain a chordal @ e
graph minimizing some cost function @

@ Treewidth
» Minimize the size of maximum clique Graph G

@ Minimum fill-in
» Minimize the number of edges

Triangulation of G
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Optimal Triangulation Problems

@ Given a graph, add edges to obtain a chordal 9 e
graph minimizing some cost function @

@ Treewidth
» Minimize the size of maximum clique Graph G

@ Minimum fill-in
» Minimize the number of edges

@ Also fractional hypertreewidth

Triangulation of G
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Edge Clique Cover

@ Edge clique cover = set of cliques containing each edge

@ Example: A graph with an edge clique cover of 3 cliques
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Edge Clique Cover

@ Edge clique cover = set of cliques containing each edge

@ Example: A graph with an edge clique cover of 3 cliques

cc=3

@ We consider parameters:

» size of minimum edge clique cover (cc)
» size of an edge clique cover given as input (cc’)
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Edge Clique Cover

@ Edge clique cover = set of cliques containing each edge

@ Example: A graph with an edge clique cover of 3 cliques

cc=3

@ We consider parameters:
» size of minimum edge clique cover (cc)
» size of an edge clique cover given as input (cc’)

» Note: Assuming ETH, no 2
Pilipczuk, and Pilipczuk, 2016]

2 algorithm for computing cc [Cygan,
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Plan

1. Motivation for edge clique cover
2. Potential maximal cligue (PMC) framework

3. Our results
» O*(3°¢) and O*(2°¢") algorithms for optimal triangulation problems

4. Some proof sketches
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Motivation: CSP

@ Treewidth and fractional hypertreewidth are central structural
parameters of constraint satisfaction problems (CSPs)
» Defined via triangulations of primal graph
» which has ce < m, where m is the number of constraints

CSP/hypergraph

X1 {st

.
n=9
X4 — X5 X6 cc <6

X7 — Xg — X9
\/

Primal graph
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Motivation: CSP

@ Treewidth and fractional hypertreewidth are central structural
parameters of constraint satisfaction problems (CSPs)
» Defined via triangulations of primal graph
» which has ce < m, where m is the number of constraints

@ 708 of the 3072 hypergraphs in the Hyperbench library have
m < n/2 [Fischl, Gottlob, Longo, and Pichler, 2019]

X1 {st

.
n=9
X4 — X5 X6 cc <6

X7 — Xg — X9
\/

CSP/hypergraph Primal graph
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Motivation: Perfect phylogeny and Bayesian networks

Other similar constructions

1. Perfect phylogeny and its optimization variant

» Reduction to weighted minimum fill-in [Gysel, 2014]
» Graph with ee < t, where t is the number of taxa (species)
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Motivation: Perfect phylogeny and Bayesian networks

Other similar constructions

1. Perfect phylogeny and its optimization variant

» Reduction to weighted minimum fill-in [Gysel, 2014]
» Graph with ee < t, where t is the number of taxa (species)
» Real instances:

* Mammal mitochondrial sequences: n = 245, cc <7

* Indo-European languages: n = 864, cc < 24
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Motivation: Perfect phylogeny and Bayesian networks

Other similar constructions

1. Perfect phylogeny and its optimization variant

» Reduction to weighted minimum fill-in [Gysel, 2014]
» Graph with ee < t, where t is the number of taxa (species)
» Real instances:

* Mammal mitochondrial sequences: n =245, cc <7

* Indo-European languages: n = 864, cc < 24

2. Bayesian networks

» Treewidth of moral graph important
» Moral graph has cc < ', where ' is the number of non-root nodes
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Motivation: Explaining success of PMCs

@ PACE 2017: Top 4 solvers on minimum fill-in track and rank 2
solver on treewidth track based on potential maximal cliques
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PMC Framework

Potential maximal clique (PMC) = vertex set that is a maximal clique in
some minimal triangulation [Bouchitté and Todinca, 2001]

Graph G with PMC {b, c, e} A minimal triangulation of G
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PMC Framework

Potential maximal clique (PMC) = vertex set that is a maximal clique in
some minimal triangulation [Bouchitté and Todinca, 2001]

G —

PMC
Enumeration

PMCs of G _

Dynamic

"| Programming

tw(G)
— mf(G)
fhw(G)
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PMC Framework

Potential maximal clique (PMC) = vertex set that is a maximal clique in
some minimal triangulation [Bouchitté and Todinca, 2001]

PMC PMCs of G | Dynamic w(G)
G E i g Programmin mf(G)
numeration g g thw(G)

@ O*(#PMCs) [Fomin,
Kratsch, Todinca, and
Villanger, 2008]
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PMC Framework

Potential maximal clique (PMC) = vertex set that is a maximal clique in
some minimal triangulation [Bouchitté and Todinca, 2001]

PMC PMCs of G | Dynamic w(G)
Enumeration Programming thw(G)
@ O*(#minseps?) [Bouchitté and o O*(#PMCs) [Fomin,

Todinca, 2002] Kratsch, Todinca, and
@ O(1.74") [Fomin, Todinca, and Villanger, 2008]
Villanger, 2015]

@ O*(4') [Fomin, Liedloff,
Montealegre, and Todinca, 2018]
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PMC Framework

Potential maximal clique (PMC) = vertex set that is a maximal clique in

some minimal triangulation [Bouchitté and Todinca, 2001]

PMC PMCs of G | Dynamic
G — . > .
Enumeration Programming
J O*(#minsepsz) [Bouchitté and ° O*(#PMCS) [Fomin,

Todinca, 2002] Kratsch, Todinca, and
@ O(1.74") [Fomin, Todinca, and Villanger, 2008]
Villanger, 2015]

@ O*(4') [Fomin, Liedloff,
Montealegre, and Todinca, 2018]

@ O*(3°¢) [This work]
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Main Contributions

Parameter cc — size of minimum edge clique cover

Theorems
@ A graph has at most 2°¢ minimal separators and 3¢ PMCs

@ PMCs can be enumerated in time O*(3°°)

@ There are graphs with ©(2°¢) minseps and (3°¢) PMCs
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Main Contributions

Parameter cc — size of minimum edge clique cover

Theorems
@ A graph has at most 2°¢ minimal separators and 3¢ PMCs

@ PMCs can be enumerated in time O*(3°°)

@ There are graphs with (2°¢) minseps and (3<¢) PMCs

Corollary

@ All problems that can be solved with PMC DP in time O*(#PMCs)
can be solved in time O*(3<¢).

@ Including treewidth, weighted minimum fill-in, fractional
hypertreewidth, feedback vertex set...
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Further Contributions

Parameter cc’ — size of an edge clique cover given as input
Theorem

Treewidth, minimum fill-in, and chordal sandwich can be solved in
O*(2¢¢") time

Tuukka Korhonen (U. Helsinki)
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Further Contributions

Parameter cc’ — size of an edge clique cover given as input

Theorem

Treewidth, minimum fill-in, and chordal sandwich can be solved in
O*(2¢¢") time

Corollary

Perfect phylogeny can be solved in time O*(2!), where t is the number

of taxa
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Further Contributions

Parameter cc’ — size of an edge clique cover given as input

Theorem

Treewidth, minimum fill-in, and chordal sandwich can be solved in
O*(2¢¢") time

Corollary

Perfect phylogeny can be solved in time O*(2!), where t is the number
of taxa

Theorem

Polynomial space algorithms with time complexities O*(9°¢") and
O*(9ee+0(Iog” ee)) for problems in PMC framework.
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Proofs

| will sketch the proof of the main result

1. Preliminaries: Minimal separators and blocks

2. Lemma: Each block corresponds to a unique subset of edge
clique cover

3. Theorem: O*(3<¢) PMC enumeration algorithm
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Preliminaries: Minimal Separators and Blocks

@ A connected vertex set C is a block if its neighborhood N(C) = S
is a minimal separator

@ Each minimal separator has at least 2 associated blocks

e‘m EiL¢a

o7 o
Q
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The Lemma

@ Let W be an edge clique cover
@ For vertex v, let W[v] C W be the cliques that contain v
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The Lemma

@ Let W be an edge clique cover
@ For vertex v, let W[v] C W be the cliques that contain v
@ For block C, let W[C] = J,cc WIV]

W= {va’z}
WIC] = {x,y}
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The Lemma

@ Let W be an edge clique cover
@ For vertex v, let W[v] C W be the cliques that contain v
@ For block C, let W[C] = J,cc WIV]

Lemma
v € Cif and only if W[v] C W[C] J

W= {va’z}
WIC] = {x,y}
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The Lemma

@ Let W be an edge clique cover
@ For vertex v, let W[v] C W be the cliques that contain v
@ For block C, let W[C] = J,cc WIV]

Lemma
v € Cif and only if W[v] C W[C]

Proof idea
@ Only if from definition
@ Vertex v with W[v] € W[C] must
bein CUN(C)
@ However, v ¢ N(C) by properties W={x,y,z}
of minimal separators

’ WIC] = {x,y}
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PMC enumeration

@ Bouchitté—Todinca enumeration [Bouchitté and Todinca, 2002]
» Multiple “optimal” steps
» Single bottleneck step

Algorithm: PMC-ENUM bottleneck

foreach Block C do
foreach Non-adjacent {x,y} C N(C (’é @ @
foreach Minsep T of G[C U {x y}] do

if ISPMC(N(C) U T) then

| Output(N(C)uU T) 9‘0'@
/e
(h)
=
T
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PMC enumeration

@ Bouchitté—Todinca enumeration [Bouchitté and Todinca, 2002]
» Multiple “optimal” steps
» Single bottleneck step

Algorithm: PMC-ENUM bottleneck

foreach Block C do /@P\
foreach Non-adjacent {x,y} C N(C (’é @ @

foreach Minsep T of G[C U {x y}] do
if SPMC(N(C) U T) then

@ — Inner loop complexity O*(21"I€ll)
@ Intotal 3, O*(2WICl) = O*(3¢°)

| Output(N(C)uU T) G"G"@
o W[C]is ECC of GIC U {x, y}] ' C
&
=
T
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Ideas of Other Resulis

@ O*(2°¢") algorithms
» Same DP states as in PMC framework, but instead of using PMCs
for transitions use fast subset convolution [Bjsrklund, Husfeldt, Kaski, and
Koivisto, 2007]

@ Polynomial space O*(9°¢") and O*(9e+0(log” ce)) algorithms
» Branch from PMCs that are balanced separators with respect to
edge clique cover
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Conclusion
@ Edge clique cover is a natural parameter for optimal triangulation
problems in multiple settings

@ We used PMC framework to give O*(3°¢) and O*(2°¢") time
algorithms for such problems

@ Our combinatorial bounds are tight, but unknown if the algorithms
for individual problems are optimal

@ It remains as an open problem to give an O*(#PMCs) time PMC
enumeration algorithm
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The end

Thank you for your attention!
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Bonus: Exact bounds

@ S(n, k) — number of ways to partition n-element set into k
non-empty parts

@ There are at most S(cc, 2) minseps
@ There are at most S(ce, 3) + cc PMCs
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